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The unsteady flow in a thin viscous liquid film over a heated horizontal stretching surface are analyzed
considering the stretching velocity and the temperature distribution in their general forms. An evolution
equation for the film thickness, that retains the convective heat transport effects, is derived using long-
wave theory of thin liquid film and is solved numerically for some representative values of non-dimen-
sional parameters. It is observed that the thermocapillary effects are responsible in shaping the film
thickness. Further the thermocapillary effects are more pronounced for lower values of Prandtl number
and Biot number.
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1. Introduction

The flow and heat transfer phenomena of a viscous liquid over a
stretching surface has promising applications in a number of tech-
nological processes such as metal and polymer extrusion, continu-
ous casting, drawing of plastic sheets, etc. In these processes,
quality of the final product greatly depends on the rate of cooling.
Crane [1] first studied the steady two-dimensional boundary layer
flow due to the stretching of a flat elastic sheet. Later on several
researchers, see e.g. the references cited in [2], have explored var-
ious aspects of the accompanying heat transfer occurring in the
infinite fluid medium surrounding the stretching sheet. Wang [3]
first studied the hydrodynamics of a finite fluid medium on a
stretching sheet, in which he restricted the motion to a specified
family of time dependence and reduced the boundary layer equa-
tions to a nonlinear ordinary differential equation by means of a
similarity transformation. Andersson et al. [2] analyzed the heat
transfer of a Newtonian liquid film on an unsteady stretching sur-
face. Dandapat et al. [4] later studied the influence of thermocapil-
larity on the flow and heat transfer of the same problem. Chen [5]
also studied it in case of power-law fluid. Recently, Dandapat et al.
[6] have studied the effects of the variation of fluid properties with
temperature on the same flow that studied earlier by Dandapat
et al. [4]. The tacit planarity assumption of film thickness made
in the above studies may not be valid while the influence of the
thermocapillarity is considered. This is due to the fact that thermo-
capillary flow itself deforms the free surface.
ll rights reserved.
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andapat).
Dandapat et al. [7] and Dandapat and Maity [8] have studied the
development of thin film over a stretching sheet with non-planar
film thickness at the onset of stretching. In these studies the
Navier–Stokes equations are solved analytically using a combina-
tion of the matched asymptotic method and the method of charac-
teristics to predict the variation of film thickness with space and
time. In these studies linear variation of the stretching sheet were
considered. Recently, Santra and Dandapat [9] have studied the
development of thin liquid film flow over a sheet that may be
stretched under different nonlinear stretching assuming non-pla-
nar film thickness.

In the present investigation we have removed the restriction of
planarity as well as the linear stretching to study the effects of
heat-transfer and thermocapillarity. The rest of the paper is orga-
nized as follows. In the next section, we formulate the governing
equations and after non-dimensionalization, the evolution equa-
tion for the film thickness is obtained using long wave theory of
thin liquid films. The numerical technique to solve the evolution
equation is described in Section 3. The results and discussions of
numerical computations are reported in Section 4. Finally, conclu-
sions are drawn in Section 5.
2. Mathematical formulation

2.1. Basic governing equations

We consider a non-planar, Newtonian, incompressible liquid
film on a heated flat elastic sheet as shown schematically in
Fig. 1. The x-axis is chosen along the plane of the sheet and the
z-axis is taken normal to the plane. We assume that the surface
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Nomenclature

B Biot number, ah0=k
Ca Capillary number, e2=S
cp specific heat at constant pressure (J kg�1 K�1)
Fr modified Froude number, gh3

0=m2

g gravitational acceleration (m s�2)
g vertical component of gravitational acceleration (m s�2)
h film thickness (m)
h0 characteristic length scale in the vertical direction (m)
k thermal conductivity (W m�1 K�1)
L characteristic length scale in the horizontal direction

(m)
Mw effective Marangoni number, h0cðTS0 � TaÞ=qm2

n unit normal vector on the interface
Pr Prandtl number, qcpm=k
p pressure (kg m�1 s�2)
S surface tension parameter, e2rah0=qm2

t tangential vector on the interface
t time (s)
T temperature (K)
U sheet velocity (m s�1)
V velocity of the fluid (m s�1)
u horizontal velocity component (m s�1)
w vertical velocity component (m s�1)

x horizontal coordinate (m)
z vertical coordinate (m)

Greek symbols
a rate of heat transport (W m�2 K�1)
e aspect ratio, h0=L
c constant (K�1)
H dimensionless temperature of the stretching sheet
m kinametic viscosity (m2 s�1)
q density (kg m�3)
r surface tension (kg s�2)
s stress tensor
w stream function

Subscripts
i interface
a ambient
s sheet

Superscript
* nondimensional variable (from Eq. (10) and onwards all

the variables are in their nondimensional form)
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at z = 0 starts stretching from rest and within a very short time
ðt ¼ 0þÞ it attains the stretching velocity u ¼ UðxÞ. The liquid is as-
sumed to be non-volatile and thin so that evaporation and buoy-
ancy effect can be neglected. Further we assume that the liquid
properties are constant, except the surface tension that varies lin-
early with temperature r ¼ ra � cðTi � TaÞ, where Ti is the interfa-
cial temperature and Ta is the ambient gas temperature far from
liquid–gas interface. The motion of the fluid is governed by

r � V ¼ 0; ð1Þ
Vt þ ðV � rÞV ¼ �rp=qþ mr2V þ g ð2Þ
qcp½Tt þ ðV � rÞT� ¼ kr2T; ð3Þ

where V and g denote the fluid velocity and acceleration due to
gravity having ðu;wÞ and ð0;�gÞ as the respective components
along x- and z-directions and p, q, m, cp and k represent the pressure,
density, kinematic viscosity, heat capacity at constant pressure and
thermal conductivity of the fluid, respectively.

The boundary conditions on the stretching sheet z = 0, are no-
slip, no penetration and the imposed sheet temperature distribu-
tion, respectively,

uðt; x;0Þ ¼ UðxÞ; wðt; x; 0Þ ¼ 0; T ¼ TsðxÞ; ð4Þ

where TsðxÞ is the imposed sheet temperature. On the interface,
z ¼ hðx; tÞ, the boundary conditions constitute the balance of normal
stress with the surface tension times of curvature, balance of tan-
gential stress with the thermal stress, along with the Newton’s
law of cooling and the kinematic condition given by:
Fig. 1. Schematic diagram of the flow problem.
pa þ n � s � n ¼ �r � nr; ð5Þ
t � s � t ¼ t � rr; ð6Þ
� krT � n ¼ aðT � TaÞ; ð7Þ
ht ¼ w� uhx; ð8Þ

where s is the stress tensor for the liquid, n and t are unit normal
and tangential vectors on the interface, pa is the pressure of the
ambient gas phase and a is the rate of heat transport from the liquid
to the ambient gas phase.

The initial conditions are:

uð0; x; zÞ ¼ 0; wð0; x; zÞ ¼ 0; hðx; 0Þ ¼ dðxÞ; T ¼ Ta:
2.2. Scaling

Eqs. (1)–(8) can be expressed in terms of their dimensionless
form by using the following variables:

x ¼ Lx�; ðz;hÞ ¼ h0ðz�; h�Þ; ðu;UÞ ¼ ðm=h0Þðu�;U�Þ;

w ¼ ðem=h0Þw�; t ¼ h2
0=em

� �
t�; p ¼ qm2=eh2

0

� �
p� þ pa;

T ¼ Ta þ ðTs0 � TaÞT� ð9Þ

where L and h0 are the characteristic length scale in the horizontal
and vertical direction, respectively, e ¼ h0=L� 1 is the aspect ratio
and Ts0 is the sheet temperature at the origin. Finally, after dropping
the asterisk, we obtain

ux þwz ¼ 0; ð10Þ
eðut þ uux þwuzÞ ¼ �px þ e2uxx þ uzz; ð11Þ
e3ðwt þ uwx þwwzÞ ¼ �pz þ e4wxx þ e2wzz � eFr; ð12Þ
ePrðTt þ uTx þwTzÞ ¼ e2Txx þ Tzz: ð13Þ

The boundary conditions, at z = 0 becomes

uðt; x; 0Þ ¼ UðxÞ; wðt; x;0Þ ¼ 0; T ¼ HðxÞ; ð14Þ

where HðxÞ ¼ ðTs � TaÞ=ðTs0 � TaÞ.
On the interface z ¼ hðx; tÞ:
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�pþ 2
e2

1þ e2h2
x

� � e2uxh2
x þwz � uzhx � e2wxhx

h i

¼ eSð1�MwCaTÞ 1þ e2h2
x

� ��3=2
hxx; ð15Þ

2e2hxðwz � uxÞ þ uz þ e2wx
� �� �

1� e2h2
x

� �
¼ �eMwðTx þ hxTzÞ 1þ e2h2

x

� �1=2
; ð16Þ

Tz � e2hxTx ¼ �B 1þ e2h2
x

� �1=2
T; ð17Þ

ht ¼ w� uhx: ð18Þ

The initial conditions at t ¼ 0

uð0; x; zÞ ¼ 0; wð0; x; zÞ ¼ 0; hðx;0Þ ¼ dðxÞ; T ¼ 0:

Here Fr ¼ gh3
0=m2, Pr ¼ qcpm=k, S ¼ e2rah0=qm2,

Mw ¼ h0cðTS0 � TaÞ= qm2, Ca ¼ e2=S and B ¼ ah0=k are the modified
Froude number, Prandtl number, surface tension parameter, effec-
tive Marangoni number, Capillary number and Biot number,
respectively.

2.3. Derivation of the evolution equation

To obtain the evolution equation for film thickness, we expand
the dependent variables as follows:

ðu;w;pÞ ¼ ðu0;w0; p0Þ þ eðu1;w1;p1Þ þ e2�nðu2;w2; p2Þ þ � � � ; ð19Þ

T ¼ T0 þ e1�nT1 þ � � � ; ð20Þ
where 0 < n < 1.

In our analysis we retain terms up to Oðe2�nÞ and neglect terms
of Oðe2Þ and higher to capture the effects of Large Prandtl number
on film thinning, in a similar way as done by Trevelyan and Kalliad-
asis [10] and Trevelyan et al. [11] in a different context of falling
liquid films. In the present analysis Prandtl number is assumed
to be Pr ¼ Oðe�nÞ. We also assume Mw, Fr and Bi to be of Oð1Þ.
The asymptotic analysis is carried out by substituting (19) and
(20) into the system of Eqs. (10)–(18) and collecting different or-
ders of e. Finally, solving these set of equations simultaneously
we obtain the velocity components u and w up to Oðe2�nÞ and the
temperature T up to Oðe1�nÞ. The final solutions read as:

T ¼ 1þ Bðh� zÞ
1þ Bh

� 	
HðxÞ þ ePr

UHx

2
z2 � 2þ Bh

1þ Bh

� 	
hz


 ��

� B2HUxh

6ð1þ BhÞ2
þ BðUHx � UxHÞ

6ð1þ BhÞ

( )
z3 � 3þ Bh

1þ Bh

� 	
h2z


 �#
ð21Þ

and

W ¼ Uzþ e ðUUx þ Frhx � ShxxxÞ
z3

6
� hz2

2

 !
�Mw

HðxÞ
1þ Bh

� 	
x

z2

2

" #
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3
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In deriving Eq. (22) we have used the relations u ¼ Wz

and w ¼ �Wx. Here W is the stream function. It is to be noted here
that the above solution does not satisfy the initial conditions due to
large characteristics time scale considered in the analysis. Using
(22) in the kinematic boundary condition (18), the free surface
evolution equation is obtained as follows:
ht þ FðhÞ ¼ 0; ð23Þ

where

FðhÞ ¼ o

ox
ðUhÞ þ e �1

3
ðUUxh3Þ � Fr

3
ðh3hxÞ þ

S
3
ðh3hxxxÞ


�

�Mw

2
h2 H

1þ Bh

� 	
x

� 	�
þ e2PrMw

B
6

UxHh3

ð1þ BhÞ3

 !
x

h2

(

þ 1
12

UHxð3þ BhÞh2

ð1þ BhÞ2

 !
x

h2

)

3. Numerical solution

The evolution equation for film thickness is solved numerically
by using a combination of modified Euler method, the Newton–
Kantorovich method, and the finite difference method as described
by Oron and Bankoff [12]. The evolution equation (23) is discret-
ized in time using modified Euler method in the form

hnþ1 � hn ¼ ðDt=2Þ � ½�FðhnÞ � Fðhnþ1Þ�; ð24Þ

where Dt is the time step and hn represent the solution of the evo-
lution equation obtained at the time tn ¼ nDt � Fðhnþ1Þ, is then line-
arized by

Fðhnþ1Þ ¼ FðhnÞ þ FðnÞh ðh
nþ1 � hnÞ; ð25Þ

where FðnÞh is the Frechet differential operator evaluated at time tn.
Combining (24) and (25) one can get

I þ Dt
2

Fh

� 	
u ¼ �Dt � FðhnÞ; ð26Þ

where u ¼ hnþ1 � hn is the difference between the solutions calcu-
lated for consecutive times, I is the identity operator and

Fhu ¼ ðUuÞx þ e � UUxh2u
� �

x
� Fr

3
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3
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In the above equation, Ti ¼ Tiðx; tÞ denotes the zeroth order con-
tribution of liquid–gas interface temperature. The last equation
which is a linear ordinary differential equation in terms of the var-
iable uðx; tÞ, is then discretized using a central difference scheme
and linear interpolation for half nodes accurate to OðDx2Þ where
Dx is the spatial step. Use of modified Euler method during time
discretization, gives precision of OðDt2Þ. The conservative form is
used during discretization. The sets of linear algebraic equations
resulting form the discretization of Eq. (26), forms a pentadiagonal
system with three corner elements and are solved directly by mod-
ified Thomas algorithm. At the origin we apply the symmetry con-
ditions hx ¼ 0 and hxxx ¼ 0. At the end, we assume that same sheet
temperature profile continues beyond the computed domain. We
further assume that the film surface has the same gradient just
after the end point of the computed zone, i.e., hxjj¼N ¼ hxjj¼Nþ1 ¼
hxjj¼Nþ2 where N denotes the number of spatial step. The grids of
250–500 points suffices the spatial convergence of the solutions.
It is to be noted here that due to the symmetry of the problem
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Fig. 2. Comparison of numerical solution (dash line) with analytical solution (solid
line) given in Ref. [7] for non-uniform film profile dðxÞ ¼ expð�x2=100Þ from time
t ¼ 0:0 to t ¼ 2:0 with increments of 0.4. Numerical solution corresponds to e ¼ 0:1.
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Fig. 4. Film profile h versus x at t = 0.3 and.4 for Mw = 4 (solid line) and 10 (dash
line). Sheet temperature H ¼ 0:6þ 0:5 sinð2px=10Þ (shown in the inset), initial film
profile dðxÞ ¼ 1, sheet velocity U = x, e = 0.05, S = 2, Fr = 2, Bi ¼ 1 and Pr ¼ 1.
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about the y-axis, it is expected that one can obtain the solution for
x < 0 as a mirror image of the solution for x > 0. Further we like to
emphasize that the non-dimensional parameters that we use in the
computations are not exact; rather they permit us to mark differ-
ent physical effects and examine their influences.

4. Results and discussion

Fig. 2 represents the variation of film height with x at different
time steps. The continuous line represents the analytic solution ob-
tained by Dandapat et al. [7], and the dashed line represents the
numerical solution obtained by the above numerical method. It is
to be noted here that both the solutions represent the case of linear
stretching for isothermal situation and these solutions agree well.

Fig. 3 shows the film profiles for linear and non-linear stretch-
ing velocity of the bottom sheet for two different values of the
thermocapillary parameter (effective Marangoni number) Mw.
From this figure it is clear that the film profile is mainly guided
by the type of stretching applied to the bottom sheet. The effect
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Fig. 3. Film profile h versus x at t ¼ 2:0 for Mw = 2 (solid line) and Mw = 8 (dash line),
under different stretching velocity. Sheet temperature H ¼ 1� e�x2=33, is assumed
to be fixed for all cases along with the initial film profile dðxÞ ¼ 1, e = 0.05, S = 2,
Fr ¼ 2 and Pr ¼ 1.
of thermocapillarity are almost similar to all the three stretching
cases. Thus in the subsequent analysis on the heat transfer phe-
nomena we consider the linear stretching case only.

Figs. 4 and 5 show the thermocapillary effect for a sinusoidal
temperature distribution on the film height variation along the
stretching direction at different time steps. It is clear from the fig-
ures that film height decreases or increases at the higher or lower
temperature zones due to thermocapillary effect. Further it is ob-
served that the deformation is more for the case of high Marangoni
number (represented by dash line for Mw = 10) than that for the
low Marangoni number (represented by solid line for Mw = 4),
obviously due to the higher variation of surface tension with tem-
perature. Fig. 6 shows the variation of free surface temperature
with x at different Prandtl numbers under the same sheet temper-
ature distribution. Fig. 7 represents gradual development of film
height at different time for a smoothed step function type temper-
ature distribution. It is clear from the figure that free surface is de-
formed due to thermocapillarity and the deformation is advected
by the flow in the stretching direction.
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Fig. 5. Film profile h versus x at t = 0.3 for Pr = 1 and 15. Sheet temperature
H ¼ 0:6þ 0:5 sinð2px=10Þ, initial film profile dðxÞ ¼ 1, sheet velocity U = x, e = 0.05,
S = 2, Fr = 2, Bi ¼ 1 and Mw ¼ 10.
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Fig. 6. Free surface temperature T versus x at t = 0.3 for Pr = 1 and 15. Sheet
temperature H ¼ 0:6þ 0:5 sinð2px=10Þ, initial film profile dðxÞ ¼ 1, sheet velocity
U = x, e = 0.05, S = 2, Fr = 2, Bi ¼ 1 and Mw ¼ 10.
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Fig. 8. Horizontal component of velocity u versus x at time t ¼ 2 (solid line), 4
(dash-dot line), 6 (dash line) and 10 (dotted line) when sheet temperature
H ¼ 0:6þ 0:5 sinð2px=10Þ, initial film profile dðxÞ ¼ 1, sheet velocity U ¼ 0:1x,
e = 0.05, S = 2, Fr = 2, Bi ¼ 1 and Mw ¼ 10.
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Variation of the horizontal component of velocity u at the free
surface with x is presented in Fig. 8 for different time steps. It is
evident from the figure that u gradually attain linear stretching
speed at large time. Fig. 9 represents the streamline patterns with-
in the fluid. Fig. 10 shows the effect of different bottom surface
temperature distribution on the horizontal component of velocity
(u) along the vertical direction under different Prandtl numbers.
Curve B represents the case when the bottom surface temperature
is uniform. In this case, no effective thermocapillary force acts on
the free surface and u decreases in the upwards direction from
the sheet velocity. Curve A represents the case when the bottom
surface temperature is higher at the origin and it decreases in
the x-direction and thus thermocapillary force acts in the direction
of stretching. The fluid layer just below the free surface is dragged
along by the top layer due to viscous shear and resulting a local
velocity minimum inside the liquid film. The surface velocity in
this case may even exceed the sheet velocity as captured in the fig-
ure. This result were also earlier found by Dandapat et al. [4].
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Fig. 7. Evolution of the film profile h for a smoothed step function type temperature
distribution H ¼ 0:5½1:1þ tanhf35ð2:5� xÞ=10g� from t ¼ 1 to t ¼ 20 with incre-
ments of 1. Here initial film profile dðxÞ ¼ 1, sheet velocity U ¼ 0:1x, e = 0.05, S = 2,
Fr = 2, Bi = 1, Mw = 4.
While curve C shows the effect of increasing bottom temperature
on u. In this case the thermocapillary force acts in the opposite
direction of stretching and thus u decreases rather quickly from
the sheet velocity as one approaches towards the free surface.

The effect of Biot number on the heat transfer and film profile
are displayed in Figs. 11 and 12, respectively, for low and high
Pr. The Biot number is a measure of the heat transport from the li-
quid to the surrounding medium in comparison to the heat trans-
port within the liquid. As Bi increases, more heat is transferred to
the surrounding environment causing decrease in the temperature
difference along stretching direction. As a result the thermocapil-
lary action decreases. So the deformation of the free surface is les-
ser in case of higher Bi and it is illustrated in Fig. 12. Also we notice
that as Pr increases the temperature difference in the stretching
direction decreases for any Bi and the deformation of the free sur-
face due to thermocapillarity also reduces.

5. Conclusions

Flow and heat transfer phenomena over a heated stretching
sheet are analyzed by considering the general functional forms
x

h
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Fig. 9. Stream lines pattern at time t = 4. Other information are same as in Fig. 8.
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Fig. 10. Horizontal component of velocity profile at x ¼ 5 across the film height for
three different temperature distributions: H ¼ e�x2=33 (marked A), H ¼ 0:5 (marked
B) and H ¼ 1� e�x2=33 (marked C) and for Pr = 1 (solid line) and Pr ¼ 15 (dash line).
Here initial film profile dðxÞ ¼ 1, sheet velocity U = x, e = 0.05, S = 2, Fr = 2, Bi = 1,
Mw = 10 and time t ¼ 1:2.
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Fig. 11. Free surface temperature T versus x at t ¼ 1:0 for Pr = 1 (solid line) and 15
(dash line), and for different Bi. Sheet temperature H ¼ e�x2=33, initial film profile
dðxÞ ¼ 1, sheet velocity U = x, e = 0.05, S = 2, Fr ¼ 2 and Mw ¼ 10.
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Fig. 12. Film profile h versus x at t ¼ 1:0 for Pr = 1 (solid line) and 15 (dash line),
and for different Bi. Sheet temperature H ¼ e�x2=33, initial film profile dðxÞ ¼ 1, sheet
velocity U = x, e = 0.05, S = 2, Fr ¼ 2 and Mw ¼ 10.
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for stretching sheet velocity and temperature field. Further we
have relaxed the planarity condition of the liquid film by allowing
the variation of the film height along the stretching direction and
time. The numerical solution of the evolution equation reveals that
free surface is deformed owing to thermocapillarity and the defor-
mation is advected by the flow in the direction of stretching. With
the increase values of Prandtl number Pr and Biot number Bi, the
temperature difference in the stretching direction decreases as a
result the influence of the thermocapillarity is less pronounced at
higher values of Pr and Bi.
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